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P NOTE ON RECURRETu'T CODIS*  
.. - 

Wyner and Ash' have given bounds 3n tb m i n i m u m  guard space  

necessary  t o  corEect  a l l  b u r s t s  o f  a s p e c i f i e d  maximum length wi th  

a r e c u r r e n t  code. Following t h e  methods o f  a previous  paper 

t h i s  no te  g i v e s  a n  e x p l i c i t  c o n s t r u c t i ~ n  i ? ~ r  a c h e i v i n g  t h e i r  :o.~.ier 

bound-for  r e c u r r e n t  codes designed t o  c o r r e c t  e r r o r  b u r s t s  of  a 

known phase  ( c a l l e d  "Type B2 Codes"). - This  proves t h a t  t h e  

i n e q u a l i t i e s  throughout s e c t i o n  I11 o f  Wyner and A s h '  

r ep l aced  by e q u a l i t y  t o  t h e  lower va lue .  The n o t a t i o n  u s e d  h e r e  

c o i n c i d e s  wi th  Ryner  and Ash1 and Berlekamp2. 

may be 

V?e assume a s o l u t i o n  o f  t h e  fo l lowing  form: s@ 
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where A,B,C,  . . . a r e  b ina ry  v a r i a b l e s  whose va lues  we s h a l l  subsequen t ly  
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a Adding i n  t h e  necessary  colunns f r o m  t h e  f i r s t  block t o  e l i m i n a t e  

I a l l  ones above t h e  c r i t i c a l  l i n e  i n  s u c c e s s i v e  bloclcs*sives:  

~ 

The code i s  capable  o f  type B2 e r r o r  c o r r e c t i o n  i f f  a l l  t h e  

mat r ices  El, IT2,. .. a r e  s imul taneous ly  nons ingular .  I f  some ma t r ix  

IQ, i s  s i n g u l a r ,  then  some nonzero combination o f  i t s  column v e c t o r s  

i s  zero ,  and t h e  e r r o r  p a t t e r n  cor responding  t o  t h i s  combination 

i n  the  i t h  b lock  i s  i n d i s t i n g u i s h a b l e  f r o m  an e r r o r  p a t t e r n  i n  t h e  
0 vi +<i 
4 2 i E - d ~  block.  

W e  norm show t h a t  i t  is p o s s i b l e  t o  choose t h e  b i n a r y  v a r i a b l e s  

A, B, ... i n  such a way as t o  make a l l  t h e  ma t r i ces  Mi nons ingular .  

Vie choose t h e  e l e a e n t s  A,  B,... s u c c e s s i v e l y  i n  a l p h a b e t i c a l  order  - 

._ 

i n  such a v!ay a s  t o  make nonsingular  a l l  t h e  square  s u b a a t r i c e s  

[?hose :.upper r i g h t  coraer  co inc ides  Q l t h  t h e  upper r i g h t  corner o f  

one of t h e  Mi. 

minor d i a g o n a l  of  e x a c t l y  one of the  M i .  When i t  occurs  i n  tha t  

T h i s  i s  p o s s i b l e  because each l e t t e r  occurs  on t h e  

p o s i t i o n ,  a l l  t h e  other  e l e u e n t s  i n  t h e  submatr ix  of vrhich i t  i s  

t h e  lower l e f t  corner  a r e  &kd%mz& a lphabe t i ca l -  (and hence 
pre A ?c essc 1- > ..' , T S  

p r e v i o u s l y  ds t e rmined) .  The cofac tor  o f  t h i s  lcwer l e f t  corner  

e l e  L. -5 nongingular 'Uj a previous c o n s t r u c t i o n  ( o r ,  initially, 

becsuse  i t  is an i d e n t i t y ) .  Thus i t  i s  p o s s i b l e  t o  choose t h e  
4 

lower l e f t  corner elemer!t uniquely i n  such a wsy t h a t  t h e  square  

submatr ix  con ta in ing  i t  i s  nonsingular . (For f u r t h e r  d i s c u s s i o n  
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For example, A occurs i n  t h e  lovier l e f t  corner  o f  t h e  submatr ix  - 1 . '  ' 

. 01 
AO, mhich i s  nons ingular  i f f  we choose A t o  be 1. B occurs  f i r s t  

i n  t b e  lc.i?er l e f t  cGrner o f  the submatr ix  A O 1 =  010 010 lol To make BOO BOO 

t h i s  ma t r ix  nons ingu la r ,  we choose B t o  be 1. 

t h i s  method e n s j l e s  u s  t o  - 
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* n  

C o n t  i n u i  ng 

J-7- ~ L J G  - other  l e t t e r s .  For any 

f i n d  8 2b x b mat r ix :  
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, J , 
I 

value of b ,  

The va lues  o f  A, B, C,. . .  i n  t h e  t r i a n g u l a r  a r r a y  a r e  

independent  o f  b. 
r n r  method h i l l  a l s o  y i e l d  a 2b x b ma t r ix  having any 

s p e c i f i e d  elenients ( n o t  n e c e s s a r i l y  z e r o s )  on or above t h e  minor  

d i a g o n a l  i n  t he  bottom h a l f .  :Codif icat ions of t h e  method c3n a l s o  

be a 2 p l i e d  when t h e  t o p  h a l f  of B i s  an i n v e r t i b l e  bxb rilatrix o t h e r  

t h a n  t h e  i d e n t i t y .  

The s e a r c h  f o r  a General  B1 ma t r ix  s a t i s f g i f i g  the  Vyner and 

Ash lomer bound has  n o t  been s o  s u c c e s s f u l .  

by hand r e v e a l s  t h a t  of t h e  16 p o s s i b l e  normalized ( w i t h  check 

A n  e x h s u s t i v e  s e a r c h  

d i g i t  l a s t )  4x2 i i ia t r ices ,  o n l y  3 a r e  of' t ype  B1: 

11 
10 
00 
10 

01 01 
00 ... 10 
10 l o  
10 00 

A computer s e a r c h  of t he  4096 6x3 m a t r i c e s  r e v e a l e d  t h a t  7 

o f  them a r e  of t ype  B1: 

011 00 1 00 3. 111 101 0 11 101 
010 110 110 lG0 100 110 100 
110 0 10 100 110 100 100 010 
000 100 0 10 100 0 10 110 000 
100 010 100 100 000 000 0 10 
100 010 100 010 010 010 110 



r e f l e c t i o n  o r  >errnutzition of i t  i s  a poor choice  f o r  t h e  t D p  h a l f  o f  B. 

J u a g i n d  from t h e  l a s t  ma t r ix  i n  each s e t ,  one is Led t o  expec t  an 

8x4 B1 a , a t r ix  of  t h e  f o r %  

xYzl1 
lOG0 
0 100 
00 10 
0000 
03.40 
OS BO 
FED0 

However, i t  can b e  proved t h a t  no such a a t r i x  e x i s t s ,  f o r  any 

va lues  of t h e  l e t t e r s .  The e x i s t e n c e  o f  2b x b m a t r i c e s  or' t ype  31 

f o r  a r b i t r a r y  b remains an open ques t ion .  

(1) A .  D. Viyner and 3. B. Ash, "Arialysis o f  Recurrent Codes"', 

68EX T r s n s a c t l o n s  of I n f o r m a t i o n  Theory, v o l .  IT9, pp.  143-156; 

( 2 )  5 .  R .  Berlekaap, ''A Class  of Convolut ion Codes ' ' ,  I n f o r m a t i o n  

a n d  CDntrol, vo1.6, pp 1-13; Xarch, 1963. 

Elwyn R. Berlekamp 
Re search Laboratory of Electronics 
Mas  sac hus ett s Institute of Technology 
Cambridge, Massachusetts 

.-I 
4 L _  . 


